Abstract. We review the relevance of neutrino-nucleus interactions at energy transfers below 100 MeV for accelerator-based experiments, experiments at lower energies and for astrophysical neutrinos. The impact of low-energy scattering processes in the energy reconstruction analysis of oscillation experiments is investigated. We discuss the modeling of coherent scattering processes and compare its strength to that of inelastic interactions. The presented results are obtained within a continuum random phase approximation approach.
Introduction : low-energy neutrino-nucleus scattering
Whereas accelerator-based neutrino-oscillation experiments [1, 2] favor neutrino beams with energies peaking at a few hundreds of MeVs [3, 4, 5] to several GeVs [6, 7, 8, 9, 6 , 10], the broad spectra with which neutrinos are generated in these experiments means that the signal in the detector is invariably the convolution of processes induced by neutrinos with energies ranging form very low to very high values. This necessitates the modeling of cross sections over a broad kinematic range with various energy and momentum transfers, including the low values we are considering here. Moreover, nuclear responses essentially depend on energy and momentum transfer and not on incoming energy such that, regardless of the neutrino energy, the signal will contain components stemming from processes with low energy and momentum transfers. In fact, forward lepton scattering events favor reactions with low energy transfers to the nuclear system regardless of the incoming neutrino energy. This means that even experiments at relatively high energies have the potential to provide interesting information about e.g. supernova neutrinos and their interactions. Given the capabilities of Liquid Argon Time Projection Chamber (LArTPC) detectors to study more exclusive processes, the investigation specific kinematic ranges will gain in importance in future acceleratorbased experiments. This obviously goes hand in hand with the need for an accurate theoretical description of these low-energy neutrino scattering processes.
For the neutrino oscillation program in experiments such as e.g. T2K [11, 12] , MiniBooNE [3], MicroBooNE [5] and DUNE [6] the neutrino nucleus cross section is the essential ingredient that connects the experimentally accessible variables to the neutrino energy that cannot be directly measured. The cross section and its modeling hence provide the key to the reconstruction of the incoming neutrino's energy. The analyses in oscillation experiments relies on Monte Carlo event generators that are for the sake of computational efficiency often restricted to using rather simple models, or simplified implementations of interaction models. The most commonly used model in oscillation analyses in the several hundreds of MeV region is the relativistic Fermi gas (RFG), in which the nucleus is described by its bulk properties. In Section 5 we will discuss the relevance of adequate nuclear modeling for energy reconstruction in processes at low energies.
Over the past years much interest in the experimental community has gone to the differences of electron and muon neutrino-induced cross sections. This difference is important for the determination of the CP-violating phase and for the appearance of electron neutrinos in muon neutrino beams. Trivial differences between electron and muon neutrino interactions in charged-current scattering are contained in the lepton vertex, these differences are well understood. For sufficiently large energy transfers and scattering angles the differences in kinematics due to the mass of the lepton become negligible and muon and electron cross sections are essentially the same. For smaller scattering angles and energy transfers however the mass of the outgoing lepton affects the kinematics to a greater extent, leading to muon neutrino interactions inducing a larger momentum transfer to the nuclear system than their electron neutrino counterparts. In this kinematic region the nuclear response is depleted by Pauli blocking and very sensitive to nuclear structure details, such that the large differences in momentum transfer can lead to significant differences in the responses for muon and electron neutrino induced interactions. The differences in the response can be so large that the ν µ induced cross section becomes larger than the ν e one even though the latter is preferred by the lepton vertex. We will discuss these low-energy effects potentially affecting oscillation analyses and relevant for e.g. the MiniBooNE low-energy electronlike excess [13] in Section 6.
Apart from their interest in the axial structure of the nucleus and weak nuclear responses, experiments at low energies often focus on the weak response relevant for nuclei in stellar environments. Although a lot of relevant information can be obtained in e.g. experimental beta decay studies, charge exchange (p,n) and (n,p) processes or (parity violating) electron scattering, neutrino scattering investigations are recognized as essential for a full understanding of the weak nuclear response that drives neutrinonucleus scattering. Low-energy processes are important in supernova dynamics and nucleosynthesis as well as for the terrestrial detection of supernova neutrinos [14] . Neutrino detection offers a window on the processes going on in the center of the star, whereas the more obvious optical observations are more limited to investigations of the stellar atmosphere. With weak interactions as driving force in the stellar collapse, the importance of neutrino interactions in these processes can hardly be overestimated. As part of the collapse processes, large numbers of electron neutrinos are produced. These leave the star unhindered until the core density of the star becomes sufficiently high for the neutrinos to become trapped [15] . After the core bounce, a burst of prompt neutrinos leaves the star core. The remnant protoneutron star cools as it emits the remaining neutrinos through pair production of neutrinos in all three generations. Neutrino-wise, the net result of the supernova is the production and emission of 10 57 neutrinos with individual energies up to a couple of tens of MeVs, collectively carrying away the energy that is released gravitationally in the supernova's collapse along with information about the processes going on in the core of the event.
Besides the details of the supernova process itself, the observation of neutrinos created therein is also of interest. This was first achieved at Kamiokande and IMB for the supernova SN1987A. Currently, several more detectors are operational, under development or being proposed [6, 16, 17] . Several of these involve the interaction of neutrinos with target atomic nuclei. This leads to the evident necessity of a thorough understanding of the scattering process between the (anti)neutrino and the nucleus and its energy dependence. One possible channel is through elastic interactions with nuclei, as was indeed recently achieved by the COHERENT collaboration for a CsI detector [18] .
Apart from their contribution to the signal in accelerator-based experiments, cross sections induced by low-energy neutrinos have been measured for carbon and iron by dedicated experiments as LSND and KARMEN [19, 20] . Several experiments have been proposed for the near future to measure supernova neutrinos at higher precision, including DUNE [6] as well as e.g. JUNO [16] and Hyper-Kamiokande [17] . These require significant research and development efforts in order to properly calibrate the detectors that are to be used. One necessity is to have access to neutrinos of similar kinematics to those produced in supernovas. The Spallation Neutrino Source at Oakridge (SNS) [21] is an example of such a facility. As a byproduct to its primary purpose of producing neutrons, the SNS also produces neutrinos of several flavors. These are born out of pions decaying at rest (DAR), yielding mono-energetic muon neutrinos at E νµ =29.8 MeV as well as electron neutrinos and muon antineutrinos, the well-known Michel spectra with energies up to 52.8 MeV. One of the goals of the CAPTAIN [22] program is to have the CAPTAIN Liquid Argon Time Projection Chamber (LarTPC) detector run at the SNS [23] . This will yield crucial information on the neutrino-nucleus cross sections, but also on how to characterize these events in the analyses. A proper analysis of all the produced particles is a necessity to perform accurate calorimetry in SN neutrino experiments.
Whereas low-energy processes have a lot in common with scattering in the genuine quasi-elastic regime, some important differences have to be taken into consideration in their modeling. Quasi-elastic scattering in the peak region is readily described within the impulse approximation and Fermi-gas based models usually do a fair job, especially for a description of inclusive processes. For processes at low energy however, the response is more sensitive to nuclear structure details as e.g. binding energy, level schemes, and longrange correlations. Moreover, a proper description of the wave function of the final-state nucleons and the related Pauli blocking is absolutely essential. These issues will be dealt with in the following paragraphs. In literature, studies include calculations performed in RPA frameworks such as Refs. [24, 25, 26, 27, 28, 29, 30] , in a shell model [31, 32] (as well as hybrid models [33, 34] ). Other models include the QRPA [35, 36] and local Fermi Gas-based RPA approaches [37, 38, 39] . Previous applications of the CRPA framework are found in Refs. [40, 41] . A comparison between shell model, RPA and CRPA results was performed in [42] . Model-independent calculations of cross sections were done in Refs. [43, 44] 
Cross sections
In the low-energy limit, the two vertices between which the gauge boson propagates are not resolved, and the weak processes can be described as point interactions mediated by a contact force. Within this effective theory, the weak interaction Hamiltonian H W then obtains the current-current structure :
with G F the weak coupling constant, which for charged current interactions the coupling constant has to be multiplied by the factor cos θ C in order to take Cabibbo mixing into account. For sufficiently low momentum transfers, only lowest-order contributions to the hadronic current have to be retained [45, 46] . In a standard non-relativistic expansion, the different contributions to the nucleon current read as :
J 0,α
where the summations extend over all nucleons in the nucleus, the index α identifying the isospin character of the contribution. The form factors in these expressions have to be attributed different values for charged and neutral current interactions. The last expression (6) corresponds to the pseudoscalar contribution. At threshold, this coupling can be shown to be proportional to the mass of the outgoing lepton, and hence results in very small contributions to the cross section [45] . The inclusive double differential cross-section for scattering of a neutrino with energy E i becomes :
Here, M JM and L JM denote the Coulomb and longitudinal operator respectively, whereas J el JM and J mag JM are the transverse electric and magnetic operators. For each multipole transition J π only one part -vector or axial vector-of an operator is contributing. From the expression (9) it is clear that J = 0 transitions are suppressed due to the lack of a transverse contribution in these channels. Still, neutrinos are able to excite 0 − states in nuclei, whereas electrons cannot. The second and third part of the expression show that for inclusive processes, there is interference between the Coulomb and the longitudinal (CL) terms and between both transverse contributions, but not between transverse and CL terms. From the angular dependence of the kinematic factors, it is clear that for backward lepton scattering mainly transverse terms contribute, while for θ = 0 CL-contributions dominate.
For charged current neutrino scattering reactions, the outgoing particle is a charged lepton. In this case, the wave function of the outgoing lepton should be described by the scattering solutions for the outgoing particle in the Coulomb potential generated by the final nucleus. Theoretically, this could be achieved by expanding the outgoing lepton wave into distorted partial waves calculated in this Coulomb potential. In practice, one makes use of effective schemes. At low outgoing lepton energies, of the order of magnitude applicable to e.g. beta decay, one can make use of the Fermi function [47] to account for Coulomb distortion :
where R ≈ 1.2A 1/3 fm is the nuclear radius, γ 0 = 1 − (αZ ) 2 , E f is the outgoing lepton's energy, k f the outgoing momentum and η = ± αZ E f k f
. with + and − for neutrinos and antineutrinos respectively. Similarly, the final nuclear charge Z is equal to Z + 1 or Z − 1 for ν/ν, respectively. Finally, α is the fine structure constant, equal to . This approximation assumes that the outgoing leptons only contribute sizable through the s-wave component to the reaction strength, and is therefore not applicable at higher outgoing lepton energies [47] . Therefore, in these regimes, we consider a different scheme, the modified effective momentum approximation, detailed in Ref. [47] , where the energy and momentum of the final lepton is shifted to an effective value by the Coulomb energy in the center of the nucleus that is assumed to have a uniform density :
which induces a factor in the cross section that accounts for the change in phase space:
as well as a shift in the momentum transfer q → q ef f in the calculation of the transition amplitudes. In practice, one can interpolate between these two schemes. This consists = + Figure 1 . The mean-field approach as expressed in a Green's function formalism. The single-particle propagator is dressed by iteration of all first-order interactions.
simply of taking for each value of ω the value that is closest to unity. The effect of the Coulomb interaction is to increase or decrease both the differential and the integrated cross section for neutrinos and antineutrinos, respectively. Another topic of importance to low-energy calculations is the 'g A problem'. For free nucleons, the static value of
It is the axial part of the current that at low energies is responsible for generating the Gamow-Teller (GT) transition strengths. It was noticed by Chou et. al [48] that in the context of β-decay calculations, a shell-model framework overpredicts this strength. Consequently, shell model calculations often make use of an effective 'quenched' axial coupling constant in order to reproduce experimental GT strengths. This quenched value is not unambiguous, as is noted in Refs. [49, 50] . A possible solution to this problem was recently suggested in [51] , where it was posited that the need for such a quenching may appear as a consequence of an incomplete treatment of the nuclear wave functions through either the absence of correlations or an insufficiently large model space. Indeed, their quantum Monte Carlo calculations show satisfactory agreement with experiment for light nuclei with A = 6 − 10 when using the free axial coupling, showing the importance of an accurate treatment of correlations in the nucleus and providing insight into a possible solution to the long-standing g A problem. In this work we will use the free value of g A .
Long-range correlations, collective excitations and RPA
The nuclear force is strong and gives rise to a variety of phenomena as pairing of the nucleons, collective excitations, nuclear vibration and rotation, ... These mainly show up at low energies, where the full richness of the nuclear dynamics becomes manifest. Ab-initio methods [52] are beyond doubt the optimum choice for the description of inclusive interactions off light nuclei, but computational limitations necessitate the use of approximate schemes for heavier nuclei and higher energies. A mean field description of the nucleus, as depicted diagrammatically in Fig. 1 , already captures a lot of the dynamics that ties the nucleons together in the nucleus, and provides in general an adequate description of genuine quasi-elastic cross sections in the region of the QE peak, where the higher order contributions of the residual interaction will only induce small corrections. At smaller energies however, collective effects and long-range correlations play a crucial role and strongly influence the nuclear response to electroweak probes. Generally, a shell-model approach to the nuclear many-body problem relies on the separation of the nuclear Hamiltonian in a well-known mean-field contribution, diagonal in the considered single-particle basis and a residual term, accounting for the correlations between nucleons. The residual interaction will bring along a mixing of the mean field model states and realistic eigenstates of the nuclear system will be linear combinations of these basis wave functions. The single-particle wave-functions are used to construct a basis of many-body wave-functions for the nucleus. These then serve to set up the Hamiltonian matrix for the nuclear many-body system. This matrix is diagonalized in order to obtain eigenvalues and the corresponding eigenstates of the nucleus. A major problem using this approach is the dimension of the matrices to be diagonalized, rapidly growing with increasing model sizes.
Confronted with this drawback, a number of approximations have been designed, focusing on various aspects of the problem. Next to the Hartree-Fock approximation, considering only mean-field properties of the problem, more elaborate techniques as e.g. random phase approximation (RPA) approaches, shown diagrammatically in Fig. 2 , were developed. Contrary to mean-field descriptions where a nucleon experiences the presence of the others only through the mean field generated by their mutual interactions, the RPA allows correlations to be present even in the ground state of the nuclear system and additionally allows the particles to interact by means of the residual two-body force. The random phase approximation goes one step beyond the zerothorder mean-field approach and describes a nuclear state as the coherent superposition of particle-hole contributions.
The summation index C stands for all quantum numbers defining a reaction channel unambiguously :
where the indices p and h indicate whether the considered quantum numbers relate to the particle or the hole state, ε h denotes the binding-energy of the hole state and τ z defines the isospin character of the particle-hole pair. General excited states are obtained as linear combinations of these particle-hole configurations. As the RPA approach describes nuclear excitations as the coherent superposition of individual particle-hole states out of a correlated ground state, this approach allows to account for some of the collectivity present in the nucleus, especially the long-range correlations important in a low-energy regime.
In our approach, the unperturbed wave-functions are generated with a HartreeFock (HF) calculation using the SkE2 Skyrme [53] force parametrization to build the single-nucleon potential. The potentialV of the nuclear force is modeled a as sum of two-and three-nucleon interactions:
where these interactions arê
andV
Here P σ is the spin-exchange operator (1 + σ i · σ j ), along with the momentum
, acting on the right and the left respectively. The same Skyrme parameterization is used as residual nucleon-nucleon interactions in the RPA calculation. This approach makes self-consistent HF-RPA calculations possible [54, 55] .
Solving the equations for the RPA polarization propagator Π
in coordinate space, allows one to treat the energy continuum in an exact way, hence the name continuum RPA (CRPA). In the above Π 0 is the mean-field propagator, and V the antisymmetrized interaction. This equation is the basis for the calculation of the CRPA transition matrix elements needed to evaluate 9. The reduced CRPA transition densities are determined by a set of coupled integral equations :
where Ψ 0 and Ψ C denote the ground and excited-state CRPA wave functions, r indicates the radial dependence of the quantity. The sum runs over all included reaction channels. The X ηJM correspond to the different terms in the interaction 17, U contains the radial dependence of the interaction. The unperturbed radial response functions are defined as
The importance of an accurate treatment of this collectivity through long-range correlations lies in the need to model giant resonance excitations of nuclei, which contribute non-trivially to the reaction strength at low neutrino energies. This stands in contrast with higher (few 100s of MeV) energies, where the quasielastic peak, corresponding to an electroweak probe interacting with a quasifree single nucleon, can be accurately described in a mean-field approach. It should be noted however, that even at higher energies, collectivity is important for events of low energy and momentum transfer, ω and q. Giant resonances (GRs) are formally described as coherent particlehole excitations induced by the nuclear current operator. Different parts of this operator are responsible for different types of GRs, characterized by different selection rules. An example of such a resonance is the isovector giant dipole resonance (IVGDR), which corresponds with ∆L = 1, ∆S = 0 and ∆T = 1. The macroscopic interpretation of this excitation is the oscillation of the protons in the nucleus against the neutrons. Other types of GR exist, as covered in e.g. [56] . While the CRPA formalism is capable of predicting the position and strength of collective excitations, it does not predict the width of the resonance accurately. This is because within the CRPA, the configuration space is limited to 1p1h excitations with fixed hole energies. The finite width results from coupling to higher-order configurations. To remedy this, in our approach, the width of the states is taken into account in an effective way by folding the responses with a Lorentzian with an effective width of 3 MeV.
An important benchmark for any model describing neutrino-nucleus interactions is a comparison with the much more abundant electron-scattering data. For the CRPA approach this has been done successfully in [57] . Figure 3 shows the differential cross section for neutral scattering of a 50 MeV neutrino off 40 Ar as a function of the excitation energy ω of the nucleus, and its most important multipole contributions. The plot shows the typical features of low-energy neutrinonucleus interactions. The differential neutrino scattering cross-sections are typically of the order of 10 −42 cm 2 per MeV. The influence of single-nucleon levels is apparent in the lower part of the spectrum. At slightly higher energy transfers, the strength stemming from giant resonance contributions shows up. The figure shows that even at these very low energies, forbidden transitions provide a considerable contribution to the total interaction strength. Figure 4 shows double differential cross sections for charged-current scattering of a 50 MeV electron neutrino off 208 Pb. The importance of back-scattering channels for the final charged electrons is a most striking feature of this process, that becomes even more outspoken for lighter nuclei.
Cross sections at low energies
In Fig. 5 , we show the single differential cross section for charged-current scattering of pion decay-at-rest (DAR) electron neutrinos off 56 Fe. While the Gamow-Teller (1 + ) strength of the 1 + transition dominates the total strength, the 1 − 2 + transitions are also important for a full modeling of the cross section, especially at slightly higher energies. We also show figure 6, with the single differential cross section for charged-current scattering of electron neutrinos distributed according to a Fermi-Dirac spectrum, at various temperatures, off 12 C. Most striking is the strong dependence of the cross section strength on the temperature of the supernova-neutrino energy-spectrum [58] .
Whereas the features described above are obvious when dealing with cross sections induced by neutrinos with small energies, they are also present in reactions with higher incoming energies [59] . Even for energies up to ∼1 GeV and higher, for forward lepton scattering reactions, the energy transfer to the nucleus is small, and low energy aspects of the nuclear response will dominate the cross section. Figure 7 shows the single differential cross section for an incoming energy of 1 GeV where contributions from different angular regions are shown separately. For leptons scattering angles with cos θ > 0.8, the influence of nuclear structure details and giant resonances is obvious. Comparing with the predictions of an relativistic Fermi gas model, we see that for forward scattering angles the proper treatment of the nuclear dynamics and Pauli blocking is essential. In the RFG model the low ω region is strongly depleted by Pauli blocking, while the strength is shifted towards larger values.
Worth mentioning in this context is the recent measurement of kaon decay-at-rest (KDAR) neutrino cross sections by the MiniBooNe collaboration [60] . These have the double merit that they are monochromatic with an energy of 236 MeV and moreover result in cross sections in the transition region between the low-energy and the genuine quasielastic regime.
Low-energy processes and reconstruction
In the analysis of oscillation experiments, the reconstruction of the impinging neutrino's energy is essential. Neutrino-nucleus interactions are used to count the number of neutrinos of a certain flavor in the near and far detector, but in order to extract oscillation information from these data, the energy of the neutrino is equally important. The broad energy distribution of neutrino beams and experimental limitations in measuring vertex energy necessitate to resort to reconstruction procedures.
The approach used in the experimental analyses of MiniBooNE and T2K [11, 12 ] is a reconstruction procedure based on the kinematics of the charged final state lepton
where M n = M n − E B is the adjusted neutron mass, with M n (M p ) the neutron(proton) rest mass, and E B a fixed binding energy. The lepton rest mass and momentum are m l and P l respectively. This approach assumes scattering off a static nucleon, the reconstructed energy only corrected for a fixed binding. The simplicity of this procedure, largely omitting the influence of the nucleon's motion and spreading in the nuclear Figure 9 . The cross section for charged-current scattering off 12 C in terms of reconstructed energies averaged over the πDAR flux, is compared to the total cross section in both the HF and CRPA models.
medium, leads to a distribution of reconstructed energies around the true neutrino energy that has to be provided by a model for the neutrino-nucleus interaction.
The model dependency of these distributions for neutrino interactions with incoming energies of several MeVs has been studied within various approaches, often focusing on the inclusion of reaction mechanisms which contribute to the QE experimental signal if the reaction products are not detected or misidentified. These interactions include multi-nucleon emission, pion production and re-absorption, [61, 62, 63, 64, 65, 66, 67, 68, 69] . The effects of final-state interactions (FSI) on the reconstructed energy distributions for purely quasielastic interactions have been studied with a spectral function approach in Ref. [70] , and with the CRPA in Ref. [71] .
At low energies, the reconstructed energy distribution is significantly distorted by nuclear structure details and giant resonance contributions. In Fig. 8 , we show the single differential cross section in terms of reconstructed energies, taking E B = 25 MeV, for an incoming energy of 50 MeV. The E B value corresponds to the weighted average binding energy of single-particle energies in carbon. A striking feature is that giant resonances clearly contribute in the low E ν region, while the strength in the vicinity of the peak is slightly reduced. Another important fact is that the distribution is strongly offset from the true neutrino energy. This is due to the shape of the cross section at low ω, where the cross section peak is located before the naive peak position inferred from Eq. (22).
The difference in peak position between the true and reconstructed energy distributions could removed by treating E B as a free parameter. This however is not actually the goal of a reconstruction analysis. The trivial shift induced by varying E B is merely a redefinition of the E ν . The most important aspect in this analysis, is the model dependence of the reconstructed distribution, as it is only through an interaction model that one can link the reconstructed to the real energy distribution.
The overall effect of this on an experimentally accessible distribution is shown Figure 10 . The single differential cross section in terms of reconstructed energies in the RFG and CRPA approaches. We also show the RFG results where Pauli blocking is neglected and only the energy shift is taken into account. In the rightmost panel only contributions for forward scattering angles are shown, while in the other panels the whole phase space is considered.
in Fig. 9 , where the cross section is averaged over the πDAR electron neutrino flux.
Even though experiments dedicated to the study of DAR neutrino interactions, such as CAPTAIN running at the Spallation Neutron Source (SNS) [22] , often make use of reconstructing the decay products, the reconstruction from lepton kinematics still provides interesting insights as it is essentially a clean kinematic variable which does not depend on the details of the hadronic final state, and is not affected by misidentification or non-detection of decay products. We see that the GR contribute considerably to the total cross section. The reconstructed distributions are spread over a large region, the CRPA peak is shifted to the left and the low E ν tail is enhanced compared to a HF approach. This is readily understood as the GR contribution which indeed contributes for small reconstructed energies as seen in Fig. 9 . These findings also relate to another important aspect of the description of the low energy region in neutrino-nucleus cross sections. In our approach final state nucleon wave functions are evaluated in the nuclear potential, naturally including Pauli blocking and elastic distortion of the final nucleon's wave function. Pauli blocking is often treated naively in approaches that do not involve a mean field description for the nucleus. In a commonly used approach, a model not including elastic FSI, will set the cross section to zero if the outgoing nucleon's momentum is smaller than the Fermi momentum. A such approach generally results in a rather good description of the magnitude of the interaction cross section for inclusive kinematics, however the shape of the cross section is strongly offset. In a Pauli blocked Fermi gas the low ω region is completely depleted, with a far too large cross section at higher energy transfers. The effect on the reconstructed distribution is shown in Fig. 10 , where the RFG results with and without Pauli blocking are compared to the CRPA cross sections. Clearly Pauli blocking is necessary to obtain a reasonable overall strength for the cross section. However, removing all contributions with the outgoing nucleon momentum below the Fermi level leads to cross section distributions which strongly differ from the CRPA results. The same effect is present for larger incoming energies if we restrict the cross section to forward scattering angles as shown e.g. in the rightmost panel of Fig. 10 .
Electron versus muon neutrino induced processes
As accelerator-based experiments rely on counting neutrinos in their near and far detectors and base the oscillation analysis on different numbers between the former and the latter, a thorough understanding of cross sections differences between muon and electron neutrinos is essential. For neutral-current processes, lepton universality predicts equal interaction strengths, but for charged-current processes the mass of the final lepton influences the size of the cross sections. At higher energies, the differences are small and result in slightly larger cross sections for electron-neutrino induced processes, with the lighter lepton in the final state. For low energies however, the situation is less clear. In this regime, the nuclear responses are strongly sensitive to the nuclear structure and dynamics and this is reflected in a strong model dependence in the outcome of various calculations [72, 73] . The treatment of the final nucleon state and especially a proper description of Pauli blocking is important as shown in [74] .
The lepton kinematic factors which are combined with the nuclear responses are depicted in Fig. 11 which include the Mott-like prefactor (see Eq. (7)), such that they contain all the dependence of the cross section on lepton kinematics. For most kinematic regions the electron is indeed preferred in the leptonic vertex. Around the muon threshold and for very forward scattering angles however, the muon has a non-negligible transverse contribution, while for the lighter electron the transverse contribution is almost zero. For larger energies the transverse factors become comparable, and small compared to the longitudinal contribution for forward scattering angles.
From these considerations, one would generally expect larger cross sections for the electron neutrino, but once the nuclear responses are taken into account this picture can actually be reversed. This is illustrated in Fig. 12 , comparing the longitudinal and transverse contributions to cross sections for muon and electron neutrinos in a CRPA calculation. For low incoming energies and scattering angles, the transverse contribution indeed adds additional strength to the muon-neutrino induced cross section, while it is very small for electron neutrinos. On top of that, the longitudinal contribution is actually larger for the ν µ than for incoming ν e . This effect finds its origin in the dependence of the nuclear responses on energy and momentum transfer (q, ω), where for identical values of energy transfer, energy momentum conservation dictates enhanced q-values for muons with the larger m l at forward lepton scattering angles θ l :
At larger energies, the ν e and ν µ transverse cross sections become comparable in magnitude, and the longitudinal cross section is the dominating cause of slightly larger
Arbitrary units Figure 11 . The Coulomb-Longitudinal and transverse (T + T') leptonic factors, containing all the direct dependence on lepton kinematics.
muon-neutrino induced cross sections. For low energies and larger scattering angles, the electron neutrino gets a larger transverse contribution, but still the longitudinal muon-induced cross section remains larger than could be expected from the lepton kinematics alone. Only when the neutrino energy and scattering angle become large enough one sees that the cross sections are comparable to the values that can be expected from the lepton factors.
Coherent versus quasi-elastic scattering at low energies
At very low neutrino energies, inelastic processes are outnumbered by coherent scattering reactions, in which the neutrino scatters off the nucleus as a whole, without resolving the individual nucleons. Since this process is cleanly predicted by the Standard Model, it provides an attractive avenue with which we can constrain non-standard interactions. The lack of detectable reaction products make experimental studies of the process challenging, as these have to rely on measurements of the (small) recoil energies of the target nuclei. Recently, the COHERENT collaboration managed to measure for the first time the recoil signal produced by coherent scatterings of a nuclear target [18] .
The coherent reaction mechanism however has the advantage that the cross section is relatively large, and dominates the inelastic neutrino-nucleus scattering processes for incoming energies up to a few tens of MeVs. This makes the coherent process important for astrophysical neutrinos, where the large cross sections make it an important instrument for the transfer of energy from the neutrino to the surrounding material.
In particular, this is the case for supernova neutrinos, both for their interactions within the collapsing and exploding star core as for their detection on earth. For coherent elastic neutrino-nucleus scattering (CEνNS), the differential cross section is given by the expression
where M A is the mass of the struck nucleus, E i the incoming neutrino energy, T the nuclear recoil, Q W the weak charge (1 − 4 sin θ W 2 )Z − N . F (Q 2 ) is the elastic form factor
with ρ the normalized nucleon distributions. In our results these are obtained using Hartree-Fock nucleon wave functions, RPA corrections are small. Other prescriptions for the elastic form factor exist, see e.g. Refs. [75, 76] . The highest possible recoil energy at a given incoming neutrino energy E i is
Since CEνNS is important for an energy range of roughly E ν ≤ 100 MeV, and since the rest mass of nuclei is of the order GeV, one can readily appreciate that the Figure 15 . CEνNS differential cross sections as a function of nuclear recoil T for several nuclei for several neutrino energies. Same key employed as in Fig. 14 kinematically allowed values of T are quite low, in the order of keVs. In particular, the heavier the target nucleus, the smaller its recoil.
To demonstrate the CEνNS dominance, we compare it to neutrino-induced quasielastic processes with calculations performed in the CRPA framework for several nuclei in Fig. 13 . In general, the total cross section scales strongly as the nucleus increases in mass, roughly proportionate to N 2 due to the factor Q 2 W , and sin θ W 2 ≈ 0.222. Nevertheless, as the nucleus' size increases, the range of possible nuclear recoils becomes prohibitively small. While at 30 MeV, 12 C is capable of getting a recoil of several 10s of keV,
208 Pb can at most get 9 keV. These effects are shown in Figs. 14 for total cross sections and 15 as a function of recoil for several incoming energies and various targets.
Summary
We have discussed electroweak interactions between low-energy neutrinos and atomic nuclei. This topic is important for the study of e.g. supernovae dynamics, with several experiments, in the past, present and future, dedicated to this line of research, as well as for the low ω component of reactions with higher incoming neutrino energies. A thorough theoretical modeling is crucial in this regime. One must account for the outgoing lepton's Coulomb interaction with the residual nucleus, as well as the collectivity present in the nuclear response induced by long-range correlations. Ab-initio, shell-model and RPA-based models offer suitable frameworks in this regard. As we have shown, the peculiarities of low-energy processes have further implications as illustrated in our discussions on the topics of energy reconstruction and the differences between events induced by electron neutrinos and muon neutrinos. Besides inelastic events, CEνNS, the elastic scattering of neutrinos off nuclei is also relevant in this energy regime.
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